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Abstract 

We study in detail the zero set of a slice regular function of a quater- 
nionic or octonionic variable. By means of a division lemma for convergent 
power series, we find the exact relation existing between the zeros of two 
octonionic regular functions and those of their product. In the case of 
octonionic polynomials, we get a strong form of the fundamental theorem 
of algebra. We prove that the sum of the multiplicities of zeros equals the 
degree of the polynomial and obtain a factorization in linear polynomials. 
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1 Introduction 

Let H denote the skew field of quaternions over M. Recently, Gentili and Struppa 
|13[ [15] introduced the notion of slice regularity (or Cullen regularity) for func- 
tions of a quaternionic variable. This notion do not coincide with the classical 
one of Fueter regularity (we refer the reader to [30] and pS| for the theory of 
Fueter regular functions). In fact, the set of slice regular functions on a ball 
Br centered in the origin of H coincides with that of all power series w^ai 
that converges in Br. In particular, all the standard polynomials X]"=o^''^« 
with right quaternionic coefficients, which fail to be Fueter regular, define slice 
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regular functions on the whole space H. The class of slice regular functions 
contains also the radially holomorphic functions introduced by Fueter (cf. [I9t 
§11]). Such functions fix every complex plane generated by the reals and by 
a unit imaginary quaternion, while the slice regular functions do not need to 
fulfil this property. Actually, radially holomorphic functions correspond to the 
very special class of those slice regular functions, which can be expanded into 
power series with real coefficients. The notion of slice regularity was extended 
to functions of an octonionic variable in [HI [12] and to functions with values in 
a Clifford algebra in [T7l[4]. 

In this paper, we study in detail the zero set of a slice regular function. For 
simplicity, in the sequel, we use the terminology "regular function" in place of 
"slice regular function". We obtain by different techniques some properties al- 
ready known (cf. [24 | fT4 t lT5 l fTl ] fT6 t fT8)) and we extend others to the octonionic 
case. We find the exact relation existing between the zeros of two octonionic 
regular functions and those of their product. In the case of octonionic poly- 
nomials, we obtain a strong form of the fundamental theorem of algebra. The 
main tool we use is a division lemma, which generalizes to octonionic power 
series a result proved by Beck [l] for quaternionic polynomials and by Serodio 
[27j for octonionic polynomials. In the simpler case of regular polynomials and 
convergent power series with real (i.e. central) coefficients, the properties of the 
zero set have been studied also by other authors (cf. 

We describe in more details the structure of the paper. In Section [21 we 
recall some basic definitions and prove the division lemma (Lemma [TJ. Given 
a regular function / and an octonion a, we can associate to / a remainder, 
which is a linear or constant regular polynomial. This remainder describes 
completely the intersection of the zero set V{f) of / with the conjugacy class 
of a. We can then obtain easily a structure theorem for V{f) (Theorem [6]) . 
This result was proved for quaternionic polynomials by Pogorui and Shapiro 
|24) . for quaternionic regular functions by Gentili and Stoppato in [Tl] and it 
was extended to octonionic regular functions in [18]. The division lemma and 
the concept of normal series associated to a regular function (see Section [2| for 
precise definitions) suggest the definition of the multiplicity of a zero of a regular 
function. Our definition is equivalent on quaternionic polynomials with the one 
given in [2] and in [l6j . 

In Section[3l we describe the zeros of the product f*g of two regular functions 
in terms of the zeros of / and g. We prove (Lemma [7|) that the normal series of 
a regular function is multiplicative, a result that is non-trivial in the octonionic 
case. An immediate consequence is that the conjugacy classes of the zeros of 
f * g are exactly those containing zeros of / or g. The precise relation between 
such zeros is stated in Theorem [9l We call this relation the "camshaft effect". In 
the associative case, it reduces to known results (cf. [H] for quaternionic regular 
functions and [22l [29] for polynomials) . 

Section [D contains some applications of the preceding results to regular poly- 
nomials. The fundamental theorem of algebra was proved by Niven |23j for 
standard quaternionic polynomials. It was extended to other polynomials over 
H by Eilenberg and Niven [7] and to octonionic polynomials by Jou [2l]. In 
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the book [51 pp. 308fi], Eilenberg and Steenrod gave a topological proof of the 
theorem valid for a class of real algebras including the complex numbers, the 
quaternions and the octonions. See also [31], [25] and [l^ for other proofs. 

In this context, our aim is a strong form of the fundamental theorem, in 
which a formula for the sum of the multiplicities of zeros is achieved. Gordon 
and Motzkin [SQ] proved, for polynomials on a (associative) division ring, that 
the number of conjugacy classes containing zeros of / cannot be greater than 
the degree n of /. This estimate was improved on the quaternions by Pogorui 
and Shapiro [24j: if / has m spherical zeros and I non-spherical zeros, then 
2m + I < n. GentiH and Struppa [16] showed that, using the right definition 
of multiplicity, the number of zeros of / equals the degree of the polynomial. 
We generalize this strong form to the octonions (Theorem [11]) , giving a proof 
inspired by the simple argument used in [24]. From this result and the division 
lemma, we get a factorization lemma for regular polynomials (Lemma fT2|) and 
some sufficient conditions for the finiteness of V{f). 

The definitions and results are stated over octonions only, but they remain 
valid over quaternions as well. Since EI can be identified with a real subalgebra 
of the octonions, the corresponding statements for quaternions can be obtained 
directly from their octonionic version by specializing coefficients and variables. 

2 Division of regular series and multiplicity of 
zeros 

Let O be the non-associative division algebra of octonions (also called Cayley 
numbers). We refer to [26l[22l[^ for the main properties of the algebras H and O. 
We recall that O can be obtained from H by the Cayley-Dickson process. Any 
X G O can be written a.s x = xi + X2k, where xi,X2 G H and k is a fixed 
imaginary unit of O. The addition on O is defined componentwise and the 
product is defined by 

xy = (xi + X2k){yi + y2k) = xiyi - 1)2X2 + {x2yi + y2Xi)k. 

Let {l,z,j, ij} denote a real basis of H. Then a basis of the real algebra O is 
formed by {l,i,j,ij,k,ik,jk,{ij)k}. 

Let Bn be the open ball of O centered in the origin with (possibly infinite) 
radius R. Let / : Br — > O and g : Br — > O be regular functions with 
series expansions f{w) = Yli'^^^i ^ind g{w) = The usual product of 

polynomials, where w is considered to be a commuting variable (cf. for example 
|22) and [9[[T0]), can be extended to power series, and hence to slice regular 
functions (cf. [Ill Il6j1. Recall that f * g is the regular function defined on Br 
by setting 

{f*g){w) J2k'^''{J2^+j=k"■^bj)■ 

We denote by / the regular function defined on Br by f{w) :— '^^w^cii. If 
/ has real coefficients, i.e. f = f, we will say that / is real. In this case. 
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(/ * — f{oc)9{oi) for every g and every a £ O and we will write fg in place 
oi f * g. Moreover, if / is real then (f * g) * h = (fg) * h ~ f{g * h) for every 
g, h, and f * g is equal to fg. 

We denote by N{f) the normal series (or symmetrized series) of f defined 



We remark that N{f) is regular and real on Br. 

Let a e O. We denote the trace tr(a) = a + a oi a also by ta, the squared 
norm of a by tIq and define the real polynomial , called characteristic poly- 
nomial of a, by 



It is well-known (cf. |27]) that a is conjugate to an octonion f3 if and only if 
Aa — A^. Indicate by the conjugacy class of a: Sq, {/? G O | /3 = 
Re(a) + |Im(a)|/,/ G S}, where § = {/ £ O | = -1} is the sphere of 
imaginary units. Note that Sq reduces to the point {a} when a is real and it is 
a six-dimensional sphere when a is non-real. 

We denote by V{f) the zero set of /. If a e V{f) is real, we call a a real 
zero of f. If a is non-real and §q C V{f), we call a a spherical zero of f. 
Otherwise, we call a € V{f) an isolated zero of f. This terminology is justified 
by Theorem [6] below. 

Let us present our division lemma. 

Lemma 1. Let f : Br — > O regular and let a e Br. The following statements 
hold. 

(1) There exist, and are unique, a regular function g : Br — > O and an 
octonion r G O such that f{w) — {w ~ a) * g{w) + r. 

(2) Let a ^ O be non-real. There exist, and are unique, a regular function 
h : Br — > O and octonions o, 6 e O such that /(w) = (Aq, h){w) + w a+b. 

Proof. (1) Let us prove the existence of g and of r. First, observe that, if such 
g and r exist, then r must be equal to f{a). In fact, it is easy to see that the 
value of the function {w ~ a) * g{w) in a is zero. Assume that / — J2i w^cii has 
positive convergence radius R. Recall that 



Let a G Br. If a = 0, then we can write f — w \ J2i=^ w^a,i+ij + o-o- Suppose 
a 0. A formal series computation imposes to define the coefficients of the 
power series g = J2n ^"^n ^is follows: 



by 



N{f) ■■^f*f = f*f. 



Aa{w) := N{w — a) ^ [w — a) * [w — a) ~ — w ■ ta + n, 



R = lim sup 
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for each n gN. Let us show that the series g has radius of convergence at least R. 
Since \a\ < R, lim sup„^_,_o2 A/|a„| < laj""'^. This impUes that, for every fixed p 
with |a| < p < R, there exists an integer Hp such that the inequahty \aj\ < 
is satisfied for every j > Up. Let x G Bfi and let p be chosen in such a way that 
max{|a|, \x\} < p < R. Then, for every n > Up, it holds: 



+00 +00 

\x"b^\ < \xnbn\ < \xr\a\-^-" i«naji < i^r>r'"" E i^i''^" 

j=n+l j=n+l 

n+1 



a|\^ 1 1 
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p J 1 - \a\/p V P 

Therefore, the power series X)n^"^n converges at every x £ Bfj. It remains 
to prove the uniqueness of g and of r. We have just seen that r must be 
equal to /(a) so the octonion r is uniquely defined by / and a. If f{w) = 
{w — a) * g{w) -\-r = {w — a) * g'{w) + r, then {w — a) * {g{w) — g'{w)) — and 
this easily implies that g — g' ■ 

(2) Let a be non-real. Using the first part twice, we get s G O and a regular 
function h on Br such that 

f{w) — (w ~ a) * g{w) + r — {w — a) ({w — a) * h{w) + s) + r 
= {Aah){w) + ws — as + r. 

To prove uniqueness, assume that f{w) = Aah + wa + b = Aah' + wa' + b' . 
Then f{a) = aa + b — aa' + /(a) — aa + b = aa' + b' , from which we get 
{a — a){a — a') = and then a = a' , b — b' . Finally, A^ft. — Aah' gives h = h' 
on Br \ Sa- By a density argument, h and h' must coincide everywhere. □ 

Remark 1. As a by-product of the proof of the preceding theorem, we obtain 
that, if / is a regular octonionic polynomial of degree n > 0, then g is a regular 
octonionic polynomial of degree n — 1. 

Definition 1. Let the regular functions g, h and the octonions r, a, b be as above. 
If a is real, we call r the remainder of / with respect to a and the function g 
the quotient of / w.r.t. a. If a is non-real, we call remainder of / with respect 
to a the octonionic polynomial defined by wa-\-b and quotient of / w.r.t. a the 
function h. Note that they depend only on the conjugacy class of a. In any 
case, we will denote the remainder by r^if). 

If / is real, then the coefficients of the quotient function and of the remainder 
are real. This fact is a consequence of the uniqueness of quotient and remainder: 

{w — a)g + r = f — f — {w — a)g + f {a real) 

or 

Aq h + wa + b=f^f — Aa h + w a + b {a non-real) 

imply g — g,r — f,h — h, a — a and b — b. 

As a first application of Lemma [H we obtain: 
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Corollary 2. Let ra{f) be the remainder of f with respect to a. The following 
statements hold. 

(1) Let a be real. Then a is a zero of f if and only if ra{f) — 0; that is, 
w-a \ f. 

(2) Let a be non-real and let ra{f){'w) ^ w a + b. Then we have: 

(i) a is a spherical zero of f if and only if a — — b; that is, | /. 

(ii) a is an isolated zero of f if and only if a ^ Q and a — —ba^^. 

In particular, either Sq, C V{f) or §a H V{f) is empty or Sa H V{f) 
consists of a single point. The latter situation occurs if and only if a ^ 
and ~ba^^ e . 

Proof. By using Lemma [H we can follow the same lines of proof as in the 
polynomial case (of. |2H §3]). 

If a G R, the statement is trivial, since f{a) = ra{f). 

Now assume that a is non-real. If rdf) = 0, i.e. a = b = 0, then = 
A„(/3) • h{(3) = for every /3 G §„• If a ^ and a = ~ba-^, then /(a) = 
Aa{a) ■ h{a) = 0. If Sq contains two zeros (3 and 7 of /, then the equality 

A„(/3) • h{(3) + /3a + 6 = /(/?) = = 7(7) = A„(7) • h{^) +70 + 6 

gives 13 a — 7 a, since Aq vanishes on /3,7 e Sq. If /3 7^ 7, then it must be 
a = 6 = 0. □ 

If / is real, then ra{f) ~ wa + b with a, b real. Therefore —ba^^ G M and / 
has no isolated (non-real) zeros. This means that the zeros of / are all real or 
spherical and V{f) is the union of the spheres with a G V{f) (cf. [5]). 

If / differs from a real 5 by a constant non-real octonion, then we have the 
opposite situation: / can have only isolated zeros. This property was proved 
for regular polynomials over H in \22\ §16.19]. 

Proposition 3. Let f{w) = g{w) + ao be a regular function on Br. Assume 
that g is real and ao G O is non-real. Then, if V{f) is not empty, its elements 
are isolated zeros of f contained in the complex plane generated by 1 and ao . 

Proof. Let a G V{f). Since ao = —g{a) is non-real, also a must be non-real. 
From the division lemma (Lemma [T| applied to g, we get: g{w) = Aah{w) + 
wa + b, with real a, 6. Then ra{f) = wa + b + ao and a cannot be spherical. 
Otherwise, it would be ao = —b. Therefore, a = —{b + ao)a~-^ is an isolated 
zero of / belonging to the complex plane generated by 1 and ao . □ 

We still get the nonexistence of spherical zeros under a weaker condition 
on /. 

Proposition 4. Let f{w) = g{w) + wax + ao be a regular function on Br. 
Assume that g is real and either ao or ai is non-real. Then f has no spherical 
zeros. 
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Proof. We proceed as before. Assume that V{f) ^ 0. Let a £ V{f). Then 
fa{f) = 'u;(a+ai) + &+ao, with a, b real. Then a cannot be spherical. Otherwise, 
it would be oq = —6 and ai = —a. □ 

If a is real and /(w) — [w — a) g{w) + r for some regular function g and 
r € O, then rQ,(/) = r, Vaif) = f and 

Af(/) = (w - af N{g) + {w - a){g * f + r * g) + Ur. (1) 

It follows that ra{N{f)) — rir. If a is non-real and / has remainder ra{f){w) = 
w a + b, then we have that ra{f){w) = wa + b and hence 

raiN{f)) = ra{f * f)iw) = w{ab + ba + taUa) + iib ~ ^^a»^a■ 

The latter equality follows immediately from the following fact 

{wa + 6) * {wa + b) — w'^Ua + w{ab + ba) + nib — 

= (Aq + wta — na)na + w{ab + bd) + rib- 

Corollary 5. Given a G O, the following statements are equivalent: 

(1) Sq n V{f) is non-empty. 

(2) §a n V{N{f)) is non-empty. 

(3) A„ I N{f). 

In particular, we have that 

V{N{f))^ U S„. 
aevU) 

Proof. If a is real and ra{f) = r, then ra{N{f)) = = if and only if r = 0. 
If this is the case, Eq. ^ impHes that Aq = {w ~ a)^ divides N{f). If a is 
non-real, then A^ | N{f) if and only if ra{N{f)) — 0; that is, 

ab + bd + taUa — 0, ni, — riaria — 0. (2) 

If a = 6 = 0, then Sq, C V{f) and equations ^ are trivial. If a and 
P = — 6a^^ G §a n V{f), then taUa — tpUa — Pad + ad/S = —bd — ab. Moreover, 
nana = npHa — nb and equations ([2]) are satisfied. 

Conversely, suppose that equations ([2]) are satisfied. If a = 0, then 6 = and 
hence C V{f). Let a 0. Define the octonion /3 := —ba~^. Proceeding as 
above, we obtain that tana = tpria and nana = npUa or, equivalently, ta = tp 
and Ua = np. It follows that G §a n V{f). Since N{f) is real, its zeros are all 
real or spherical, so V{N{f)) is equal to ljQey(/) "^a- '-' 

From the preceding corollaries, we immediately get a new proof of the follow- 
ing result. It was proved for quaternionic polynomials by Pogorui and Shapiro 
|24) . for quaternionic regular functions by Gentili and Stoppato in [Tl] and it 
was extended to octonionic regular functions in [TS] . 
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Theorem 6. Let f : Bji — > O be a regular function, which does not vanish on 
the whole B^. For each / G §, denote by C/ the complex plane of O generated 
by 1 and I; that is, C/ :— {x + yl 0\x,y £ M.}. The following statements 
hold. 

(1) For all / G §, C/ n Uaey(/) §a closed and discrete in C/ fl Br. 

(2) For each (3 G Uaev(/)^"' ^H^^r S/3 C V(f) or E>p fl V{f) consists of a 
single point. 

Proof. Since A^(/) is regular on B/j, and then holomorphic on C/ fl Br, its 
zero-set Cj fl UaGy(/) = C/ n V{N{f)) is closed and discrete in C/ n Br. 
The second statement follows from Corollary [21 □ 

Definition 2. Given a non-negative integer s and an octonion a in V{f), we 
say that a is a zero of / of multiplicity s if | N{f) and A^+^ \ N{f). We 
will denote the integer s, called multiplicity of a, by mf{a). 

In the case of a a real element, this condition is equivalent to {w — aY \ f 
and {w — a)*+^ ] f. If a is a spherical zero, then Aq divides / and /. Therefore 
mf{a) is at least 2. If mf{a) = 1, a is called a simple zero of f. The reader 
observes that the multiplicity of a depends only on the conjugacy class Sq of a. 

Remark 2. The preceding definition is equivalent on quaternionic polynomials 
with the one given in [2] and in [TBj . 

3 Zeros of products: the "camshaft effect" 

Let /, g : Br — > O be regular functions. The aim of this section is to describe 
the zeros oi f * g in terms of the zeros of / and of g. The following result 
is non-trivial and very important in the octonionic setting. It was proved by 
Serodio (pH Theorem 10]) in the particular case in which 5 is a constant. 

Lemma 7. It holds: 

N{f*g) = NU)N{g). 
Proof. Let g be fixed. We must prove that the two real quadratic forms 

and Q2 (/):-(/*/) (5 * 5) 

coincide. By polarization, the equality of Qi and Q2 is equivalent to the equality 
of the M-bilinear symmetric forms 

-Bi(/i, /2) := (/i *g)*{g* h) + (/2 * .9) * (.9 * /i), 

i?2(/i,/2) := (/i * h)N{g) + (/2 * h)N{g). 

By linearity, it is sufficient to prove that Bi and B2 coincide for /i = w^a, 
/2 = w^h, with a,6 G O. Since Ba{w'a,w^b) = w'+^ * Ba{a,b) (a = 1,2), it 
suffices to prove that Si (a, b) = B2{a, b) for every a, 6 G O, which is equivalent 
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to the equality Qi{a) = Q2(a) for every a £ O. Now we can fix a G O and apply 
the same argument to the quadratic forms 

Qi(.9) and Q'2{g) ■= \a? {g * 9) ■ 

We get that these two forms coincide if and only if Q'i{h) — Q'2{b) for every 
6 G O. Therefore it suffices to prove the equality 

{ab)(ba) = |ap |6p for every constant a, 6 G O. 

In every alternative algebra the subalgebra generated by two elements is asso- 
ciative. Therefore {ab){ba) = a(bb)a = |ap This completes the proof. □ 

Corollary 8. It holds: 

aeV(f*g) a£V(f)VV(g) 

or, equivalently, given any a G O, V{f * 5) fl is non-empty if and only if 
{V(f) U F(g))n§c( is non-empty. In particular, the zero set of f*g is contained 
in the union of spheres [jaevif)uv{g) ^a- 

Proof. By combining Corollary [5] and Lemma [7l we get: 

Uaey(/*g)§o = V{N{f *g)) = V {N{f)) Li V{N{g)) = 

= (Uaey(/) ^a) ^ {jJaeV(g) ^ ^aeV(f)UV{g} ^a- 

Since V{f * g) C V{N{f * g)), the proof is complete. □ 

Now we give a precise description of the zeros of the product f * g. Thanks 
to Corollary [HI it is sufficient to analyze separately the spheres containing 
zeros of / or of 5. 

Firstly, we consider the significant case: the non-real zeros. 

Let a G O be non-real. Suppose that ra{f)iw) ~ wa + b and ra{g)(w) = 
WC + d for some o, b,c,d £ O. Then we have that 

Taif * g){w) = wiad + be + taac) + bd — UattC = {ra{f) * fa{g)){w) — AqOC. (3) 

The latter assertion is an immediate consequence of the following fact 

{wa + 6) * {wc + d) = w^(ac) + w{ad + be) + bd = 

= (Aq + wta — na){ac) + w{ad + be) + bd 

Thanks to Eq. ([3]), we obtain: 
Theorem 9 (the camshaft effect). The following statements hold. 
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(1) Suppose f has an isolated zero a in Sq of multiplicity s and g is nowhere 
zero on Sq. Then f * g has an isolated zero a' in Sq, of multiplicity s, 
ad + {aa)c ^ and it holds: 

a' = {{aa)d + iiaac) [ad + {aa)c) ^ . 

In particular, if {aa)d = a{ad) and riaac = a ((aa)c) (/or example, if a is 
real or if a, b, c, d belong to an associative subalgebra of O ), then a' — a. 

(2) Suppose f is nowhere zero on Sq, and g has an isolated zero f3 in Sq. of 
multiplicity t. Then f * g has an isolated zero (3' in of multiplicity t, 
be + a(/3c) ^ and it holds: 

[3' = (6(/3c) + Uaac) {be + a{(3c))~^ . 

In particular, if b{/3c) — {b(3)c and a{j3c) = {aP)c {for example, if c is real 
or if a, b, c, d belongs to an associative subalgebra of O), then we have that 
(3' = (& + a/3)/3(6 + a/3)-i. 

(3) Suppose f has an isolated zero a in of multiplicity s and g has an 
isolated zero 13 in Sq, of multiplicity t. Then, if a{f3c) — {aa)c, then a is a 
spherical zero of f *g of multiplicity s + t. Otherwise, f*g has an isolated 
zero 7 in Sq of multiplicity s + t such that 

7 = (— (aa)(/3c) + Uaac) {—a{/3c) + {aa)c) ^ . 

(4) Let a be a spherical zero of f or of g, and let s, t be the respective multiplic- 
ities of a {possibly zero) . Then a is a spherical zero of f *g of multiplicity 
s + t. 

Proof. In the following, we will use the fact that, in any alternative quadratic 
algebra, the trace is associative and commutative (cf. e.g. [6l §9.1.2]). 

First, we prove the theorem without the part concerning multiplicities. 

(1) In this case a ^ and aa + b — (cf. Corollary [2l[2)(ii)). If c = 0, then 
d ^ (otherwise g would vanish on the whole sphere §«). Then ad + {aa)c = 
ad ^ and Eq. ^ gives the isolated zero a' = —{bd){ad)^^ — {{aa)d){ad)~'^ of 
f * g. If c 7^ 0, then ad+ {aa)c cannot vanish. In fact, if it were ad+ {aa)c = 0, 
then we would have that a = —{{ad)c~^)a~^ . But then tr(a) = tr(— dc"^) 
and |q;| = I — dc~^\. This would mean that (3 = —dc~^ belongs to H V{g), 
contradicting our assumptions. 

Corollary [8]tells that Sq must contain a zero oi f *g. From Corollary [2][2)(ii) 
and Eq. this zero must be 

a' = {—bd + naac){ad + bc + taac)^^ . 

Note that the octonion ad + be + taac does not vanish, since it is equal to 

ad — {aa)c + {taa)c — ad ~ {aa)c + {aa)c + {aa)c = ad + {aa)c. We conclude 
that a' = {{aa)d + naac){ad + {aa)c)^'^ . 
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(2) This second case is similar to the first one. Now c ^ and Pc + d — 0. 
If a = 0, then b and be + a{(3c) = bc^ 0. From Eq. ^ we get the isolated 
zero /?' = (6(/3c))(6c)~^. If a does not vanish, then it still holds be + a{/3e) ^ 0. 
In fact, if this were not true, we would have that /3 is conjugate to —ba^^ and 
therefore -ba'^ € §„nF(/). By using Corollary [HI Corollary[2t2)(ii), /3c = —d 
and ta = tfj, we obtain the unique zero 

/?' — {—bd + naae){ad + be + taae)^^ — {b{j3e) + naae){be + a{Pe))^^ 

of / * g in §Q . 

(3) In this case, a,e ^ 0, b = —aa, d — —fie. From Eq. |[3]), we get the 
remainder: 

ra{f * g){w) = w{—a{/3e) — {aa)c + taue) + {aa){Pe) — n^ac 
= u>(— a(/3c) + (aa)c) + {aa){Pe) — UaCie. 

If a(/3c) = {aa)c, then ra{f * g) is constant. On the other hand, by Corollary [HI 
ra{f * g) vanishes on some point of Sq, and hence it is null. It follows that f * g 
has a as a spherical zero. Instead, if a(/3c) ^ {aa)e^ then f * g has the isolated 
zero 

7 = (— (aa)(/3c) + Uaae) {~a{(3e) + (aa)c) 

(4) If the real polynomial divides / or g, then it divides f * g. The 
conclusion follows from Corollary [21(2) (i) . 

Now we consider multiplicities. If a is a zero of / of multiplicity s and 
/3 G §a is a zero of g of multiplicity t, then N{f) — A^hi and N{g) — A^/i2, 
where hi and real regular functions such that ra{hi) ~ wa + b ^ and 
ra{h2) ^ we + d 0. From Lemma[3 it follows that N{f * g) = A^+*(/ii/i2). 
We have to prove that A^+*+^ \ N{f * g). By a density argument, we see that 
this is equivalent to show that Aa \ /ii/i2, i-e. that the remainder ra{hih2) is 
not zero. From Eq. |(3|, ra{hih2) is zero if and only if 

ad + 6c + taae — bd — n^ae — 0. (4) 

Since a,b,e,d are real, Eq. (|4]) impHes that a{d + ae){d + ae) = 0. But this 
cannot happen since a is non-real and a ^ 0. □ 

Example 1. For every non-real a G O, a is conjugated to a. Let a be such that 
a = aaa~^. If /(w) = wa~aa, g{w) = w~a, then f*g = w^a—w{aa+aa)+aaa 
and V{f) = V{g) = {a} while V{f *g)^Sa (see Theorem [9l[3)). 

Remark 3. In the octonionic case, the camshaft effect appears even if one of 
the functions is constant: the zeros of / and of / * c (c G O a constant) can 
be different (cf. Serodio [27] when / is a polynomial). For example, let f{w) = 
"f^* ~ gi'^) — ^- Then f * g — w{ik) — jk has —ij as unique zero, while 
V{f) = {ij]. 

It remains to consider real zeros. 
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Proposition 10. Let a be a real octonion. Suppose that a is a zero of f of 
multiplicity s and a zero of g of multiplicity t ( s and t possibly zero) . Then a 
is a zero of f * g of multiplicity s + t. 

Proof. If the real polynomial w — a divides / or g, then it divides f * g. In 
particular, ra{f * g) = 0. Moreover, if f — {w — aYhi and g = {w — a)*/i2 
with hi{a) ^ and h2{a) ^ 0, then f * g = {w — a)^~^*{hi * /12). It remains 
to prove that {w — \ f * 9- By density, this is equivalent to show that 

w — a \ hi * i.e. [hi * h2){a) ^ 0. But [hi * h2){a) = would imply 
that N{hi * h2){oi) = N{hi){a) ■ N{h2){a) = 0. On the other hand, since a 
is real, N{hi){a) = \hi{a)\^ + and 7V(/i2)(a) = \h2{o)\^ ^ 0, which is a 
contradiction. □ 



4 Applications 

We begin with an octonionic version of the fundamental theorem of algebra. 

Theorem 11 (Fundamental theorem of algebra). // / is a regular octonionic 
polynomial of degree n > 0, then its zero set V{f) is non-empty and the car- 
dinality k of the distinct conjugacy classes of elements of V{f) is less than 
or equal to n. More precisely, if ai, . . . ,ar are the distinct real zeros of f, 
ttr+i, ■ . ■ ; ctr+i are the distinct isolated zeros of f and Ur+i+i, . . . , a^+i+s are 
pairwise non-conjugate spherical zeros of f such that Uj=i ^a^+i+j of 
all spherical zeros of f , then k = r + i + s and the following equality holds: 

k 

^TO/(aj) = n. 

i=i 

In particular, we have that r + i + 2s < n. 

Proof. The normal polynomial N(f) is a real polynomial of degree 2n. Let / G S. 
Then the set Vi{N{f)) := {2 G C/ | N{f){z) = 0} = C/ n Ua6y(/) is non- 
empty and contains at most 2n elements. Corollary [5] tells that V{f) fl 7^ 
for every a such that Vi{N{f)) OSq ^ 0. Therefore, V{f) is non-empty. 

If / = Aq/i + wa A-h for some regular function h and a,b £ O, then / = 
Aah-^wa+b. This impHes that an isolated zero a = —6a^^ of /, with TO/(a) — s, 
corresponds to an isolated zero a = —ba~^ G §q of / with the same multiplicity. 
From Theorem [9^3), we get that a is a spherical zero of N{f) = / * / of 
multiplicity 2s. The same property holds for spherical and real zeros of /. 
Then, given ai, . . . ,ak as in the statement of the theorem, it follows that 

fc k 

2 ^ m/ {a J ) = XI ™^(/) ) = 2n. 

Since the multiplicity of a spherical zero is at least 2, it follows immediately 
that r + i + 2s < n. The proof is complete. □ 
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A repeated application of the division lemma (see Remark [T]), of Theorem [9] 
and of Theorem fTD gives: 



Corollary 12 (Factorization lemma). Let f be a regular octonionic 
of degree n > 0. Let a\ £ V^(/)- Then there exist a2, ■ • ■ , a.n, c £ O with c ^ 
such that f factors as follows: 

f{w) = [w — ai) * /i(w), where 
fk{w) : = (w - ak+i) * fk+iiw) /or fc = 1,2, ... ,71 - 2 and 
fn-i{w) : = (w - a„) * c. 

Moreover, for every k = 1, . . . ,n — 1, ak+i is a zero of fk and it is conjugate to 
a zero a'j^^^ of f . □ 

Remark 4. Theorem [9] tells how to obtain the zeros G ^(/) from the set 

{ai}i=2,...,n- 

A standard application of the fundamental theorem of algebra in the com- 
plex field is the uniqueness of monic polynomials with prescribed zeros. On the 
quaternions and on the octonions, a new phenomenon appears. The multiplici- 
ty of an isolated zero of the sum of two regular functions can be strictly less 
than those of the functions. This fact impHes that two different monic polyno- 
mials can have the same zeros with the same multiplicities. For example, the 
polynomials f{w) — (w — i) * {w — i) and g{w) — (w — i) * (w — j) have the 
unique isolated zero w = i with multiplicity 2, while the difference f — g has a 
simple zero i. This fact cannot happen when all the zeros are real or spherical 
or simple, since in this case 

m/+g(a) > miii{m f {a), rUg (a)}. 

On the quaternions, the existence of a unique monic regular polynomial 
with assigned pairwise non-conjugate zeros was proved by Beck [1] (see also [3], 
p] and [15). On the octonions, it was recently proved by Serodio [28]. The 
existence of an infinite numbers of monic regular quaternionic polynomials with 
prescribed multiple isolated zeros was proved by Beck [l]. 

An immediate consequence of the fundamental theorem and Propositions 
[3l [4] is the following result, which generalizes the one proved by Lam in the 
quaternionic case (cf. |22[ §16.19]): 

Corollary 13. Let /(w) = J2^=o w^o,i he a regular octonionic polynomial of 
n > 0. The following statements hold. 



(1) // the coefficients oi, . . . , a„ are real and aq is non-real, then f has only 
isolated zeros. 

(2) If a2, . . . , an are real and either qq or ai is non-real, then f has no spher- 
ical zeros. 

In particular, the set V{f) contains exactly n elements, counted with their mul- 
tiplicities. □ 
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Example 2. To illustrate the situation described by the preceding corollary, we 
consider the polynomial f{w) = w'^ + wi + j. Since N{f) = w* + w'^ + 1, 
Uaey(/) ^" equal to S/3 U S-,,, where /3 := ^ + and 7 := — ^ + i^. The 
corresponding remainders are 

r^(/)=w(l+i)-(l-i) and r^(/) =«;(-! + i) - (1 - j), 

which give the following two simple isolated zeros of /: ai = G S/3 

and Q!2 = |(— 1 —i + 3 — ij) G §7- 
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